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ABSTRACT 

W e  s h o w  t h a t  t h a t  if  eve ry  rea l  has  a sharp and there a re  A l - d e f i n a b l e  

prewellorderings of R of o r d i n a l  r a n k s  unbounded in w2, then there is an  

inner model  for a s t r o n g  ca rd ina l .  S imi la r ly ,  assuming the same sharps, 
the Core Model  K is El -abso lute  unless there is an inner model  for a 

strong c a r d i n a l .  

1. I n t r o d u c t i o n  a n d  p r e l i m i n a r i e s  

1.1 BACKGROUND. In this paper we give proofs, assuming the reals are 

closed under the sharp function, that if 6~ -- k) 2 then there are inner models 

with strong cardinals (cf. Definition 1.1), and that if the core model K is not 

E~-absolute (Definition 1.2 below) then again there are such models. We are 

interested in constructing these so-called core models, and our motivation is that 

such hypotheses allow these constructions to take place in such a way that the 

resulting models contain large cardinals. Very broadly speaking, one can view 
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these models as built using a generalisation of G6del's notion of constructibility. 

The first such core model, KDj, was built by Dodd and Jensen (see [1]), and 

Jensen then showed, again assuming the reals were closed under sharps, that  if 

KDj is not E~-correct, then there is an inner model with a measurable cardinal. 

(And in fact that  "O t ' '  existed, that  is, there exists a class of indiscernibles for 

such a model.) The wellorder of the reals in KDj is seen to be E~. This fact 

can be contrasted with the E21 wellorder of ll( N L (where L is the constructible 

universe), and with the theorem of Shoenfield that  L is E2Labsolute. 

The assumption that  the reals have sharps is essential for this result, as it is 

for the result on 5~. It is a result of Harrington (see [6]) that  it is consistent (by 

forcing over a model of V = L, where of course no reals have sharps) that  $1 can 

be arbitrarily large, so the presence of sharps for reals is necessary to give us any 

knowledge about  absolute upper bounds here. 

Both results depend on certain computations concerning indiscernibles for 

models L[a] (for a C ]I(, L[a] is the constructible hierarchy relative to the predi- 

cate a). Jensen proved a result indicating how the indiscernibles are related to 

certain structures in KDj, a "Patterns of Indiscernibles" type of result whose 

ancestor is due to Paris ([14]) concerning reals a with O # ~ L[a]. Mitchell has 

shown by generalising this argument and "counting indiscernibles" again that  his 

core model which allows measurable cardinals up to o(a) = a++ is E~-absolute, 

if rigid [12]. 

The proof of absoluteness here is based in an essential way on an alternative 

proof due to Magidor for KDj. His method is simpler than that  of Jensen and 

Mitchell, both  of whose proofs exploit a periodicity phenomenon in the indis- 

cernibles' behaviour. Magidor's argument does need a slight strengthening of 

hypothesis. (Jensen could show that  assuming only the existence of a #, for a a 

solution of a H 1 predicate, then there is a solution in KDj; Magidor's argument  

requires that  there are infinitely many sharps above a.) But the gain in simplicity 

smooths the way to obtaining the result here and in any case the arguments of 

Jensen and Mitchell do not seem easily generalisable to larger models. 

6~ is seen to be connected with indiscernibles in the following way. Let a C w. 

Then let I a denote the closed and unbounded, (cub), beneath each uncountable 

regular cardinal, class of Silver indiscernibles for L[a]. Let (L a I~- G On) enumerate 

I a. Let us assume for the rest of this paper, that  for every real a, a # exists. Then 

I = NaeRI '~ is also cub, and if it is enumerated as (ur[ 1 _< T < Oo), it is easily 

seen that  Ul = ~dl and u2 _< 0)2. 

The following are well known: 
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Definition 1.1: 6~ = sup{rk(_<)l < is a A~ definable prewellordering of a subset 

of R}. 

FACT 1.2: wl < (W+l ) L[a] < tal+l < (W+) L[a#] for any real a. 

FACT 1.3: Any  A~(a) prewellorder of (a subset of) R has ordinal rank 

< ( +l)Ltol. 

Let W O  = {a E I~la codes a wellorder of w}. For a E W O  let lal be its rank. 

For A C_ wl let Code(A) =dr {a E W O  I ia I E A}. 

FACT 1.4: For a E R there is A C Wl, a wellorder of I eng th>  (w+) L[a], so 

that, setting a ~ b if  a, b E Code(A) and [a I <A ]b[, then -~ is a prewellorder of 

Code(A) o length >  +LCol and is 

Facts 1-3 then yield immediately: 

FACT 1.5: (~ ---= u2. 

The first upper bound on the consistency strength of Z F C  + Yr E ]R 

("r  # exists") + u2 = w2 was obtained in [17], where the authors obtain a model 

for Z F C + V r  E IR ("r  # ex is t s" )+u2 = a~2+ "the nonstationary ideal on wl is w2 

saturated" by forcing over a ground model satisfying Z F  + AD  + the axiom of 

choice for families indexed by the reals. Woodin then showed how one could avoid 

the choice hypothesis on the ground model here (cf. [19]). More recently, Shelah 

has shown by quite different methods that  one can force over a ground model sat- 

isfying Z F C +  "there is a Woodin cardinal" to obtain a model in which the non- 

stat ionary ideal on wl is w2 saturated. Still more recently, Woodin has shown that  

the w2 saturat ion of the nonstationary ideal on wl, together with the existence of 

a measurable cardinal, implies that  u2 = w2. The best upper bound (also due to 

Woodin) on the consistency strength of Z F C  + Vr E lR (%# exists") + u2 = w2 

now known is slightly weaker than Z F C  + "there is a Woodin cardinal with 

a measurable above it": it is that  of Z F C  + %here exists a Woodin car- 

dinal 5 and 5" < 5 with: (i) 5* is Woodin in L(V~.) and (ii) V~. -~ V~" 

(see 3.21 in [20]). The earliest lower bound on the consistency strength of 

Z F C  +Vr  E R ("r  # exis ts")+ u2 = w2 was obtained independently by Welch and 

Martin (cf. [18]), who used Jensen's E~ correctness argument to obtain Vr E R (r t 

exists) from Z F C + V r  E IR ("r # exis ts")+u2 = w2. We know of no further work 

improving the lower bound prior to our construction here of an inner model with 

a strong cardinal. We conjecture that  Z F C  + Vr E R (%# exists") + u2 = w2 

proves that  there is an inner model with a Woodin cardinal. 

We should like to thank the referee for many helpful suggestions concerning 

an earlier version of this paper. 
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The rest of this section lays out the material needed from fine-structure theory. 

In §2 we study universal iterations, and prove some results about  them which 

are both useful later in the paper, and perhaps are also of independent interest. 

§3 proves u2 < w2 assuming no indiscernibles for an inner model with a strong 

cardinal and §4 gives the result on E~-absoluteness. There are some generalisa- 

tions of the method in §5. Throughout the paper  w: or w2 denotes those initial 

ordinals calculated in V. 

Definition 1.6: An inner model W is E~-abso lu t e ,  or co r r ec t ,  if for any E1 

formula of analysis • and any g (a sequence of parameters  from Rw),  then • (g) 

holds if and only if ~(d) W holds. 

1.2 PRELIMINARIES. The new material in this paper is concerned with 'com- 

puting'  the lengths of mice which iterate past the core model as defined inside 

models of the form L[a] for a E 11~. We assume the reader is familiar with the 

notation of [13]. We recall here some of this material. 

We use freely the notation and ideas of [13], and assume the reader has famil- 

iarity with the fine-structural notions of premouse, mouse, core model, etc. from 

that  account. Actually, many of the complexities of [13] will not arise here, as 

they are caused by the possibility of mice satisfying large cardinal hypotheses 

stronger than "there is a strong cardinal". In particular, the mice studied here 

do not really require the full mechanism of iteration trees for their comparison. 

The comparison process given in [13], applied to the mice with which we are 

concerned here, does actually give rise to iteration trees, but in an inessential 

way, as it is easy to "linearize" the trees arising in comparisons at this level. So 

although we prefer to use the language of [13], the mathematical  prerequisite for 

reading this paper is just core model theory below a strong cardinal, and any 

reader familiar with that  theory as developed by Dodd, Jensen, Koepke, and 

Mitchell in [2] should have no difficulty in translating our work here into the 

language of that  paper. 

A p r e m o u s e  is a structure M = ,]~M = ,v~l.l EM,-F, M, E~-M) where E M is a 

predicate coding a g o o d  e x t e n d e r  s e q u e n c e  over M. (We have dropped the 

vector arrow of [13] over EM.) Further, if ~M ~ 0 it codes a (n, a)  extender 

E M over M; we set crit(E~) = ~, lh(E~) = a; we set also u(Ea)  to be the strict 

supremum of the generators of E~. (We are setting E~ = 0 in those cases [13] 

that  would leave Ea undefined. Also, for notational ease we shall index the J-  

hierarchy using only limit ordinals, so that  On A j E  = a.) By the M - s e q u e n c e  

we mean the class of extenders, indexed in this way, coded by the predicates E M 
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or /~M. By the e x t e n d e d  M - s e q u e n c e  we mean the class of those extenders 

that  are trivial completions of E. r [ 7? where E~ is on the M-sequence and ~ is the 

strict supremum of a set of generators of E~. Thus the extended M-sequence is 

closed under taking initial segments as specified in Clause 5(b) of [13] Def. 1.0.4. 

We shall use the following notation for the truncations of premice. 

Definition 1.7: For M as above, M[]/3 = ffM = ( j ~ M , E M , ~ d ) ;  M]/3 = 

(j~M, EM ' ~). For premice M and N, N is an ini t ia l  s e g m e n t  o f  M iff there 

is/3 < On A M with N -- f l y .  

Let n < w. A premouse M is n-sound just in case M = En(M); that  is, 

M is its own n th  core. Roughly speaking, this means that  M is the closure 

under E M Skolem functions of its ~n projectum pM O pn(M) where the latter 

is M ' s  nth  standard parameter.  We call 7r : M ---+ N an n - e m b e d d i n g  just 

in case M and N are n-sound, Tr is generalized rF~n+] elementary, ¢r(pi(M)) = 
pi(g)  for all i < n, 7r(p M) = pN for all i < n, and sup~r"p~ I N = p~. Such 

embeddings arise primarily in the En ultrapower construction: if E is an extender 
M over M and crit(E) < Pn , then we can form an ultrapower Ultn(M, E) using 

(roughly speaking) Z M functions, and if M is n-sound, then the canonical ~r : 

M ~ Ultn(M,E) is an n-embedding. Let n < co, and M be n-sound. An 

n - m a x i m a l  i t e r a t i o n  t r e e  of length 0 on M is a system 

7- = (T, D, deg, (Ei: i + 1 < 0)) 

with associated premice Mi and embeddings 7ri,j such that  M0 = M and for all 

i + 1 < 0 :  

(i) Ei is on the Mi sequence, and lh(Ei) > lh(Ej) for i > j ,  

(ii) T is a tree order, and i + 1 is the T-successor of the least j such that  

crit(Ei) < u(Ej), and 

(iii) Mi+l = Ultk(M*+l, Ei), where, setting j = T - pred(i + 1), M*+I is the 

longest initial segment of Mj over which Ei is an extender, and k = deg(i + 1) is 
M/*+I 

the largest k such that  crit(Ei) < Pk and k < n if D M [0, i + 1] = ¢; moreover 

i + 1  E D iff M*+I CMj;  
(iv) if i is a limit ordinal, then D M [0, i)T is finite, and Mi is the direct limit 

of the Mj, for jT i  sufficiently large, under the maps ~rj,k. We call D the set 

of places where T " d r o p s  (in m o d e l ) " ,  and deg(i + 1) the "degree"  of the 

ultrapower producing Mi+I. Note that  if iTj  and for all e E (i,j]T, e f~ D and 

deg(e) > k, then 7ri,j is a k-embedding. 

An n-sound premouse is called an n-mouse just in case it is n-iterable in the 

sense of 5.1.4 of [13]; roughly, this means that  it is well behaved with respect 
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to linear composi t ions  of n -max ima l  i terat ion trees. We shall drop the reference 

to n in "n-mouse"  when the context  permits .  This  notion of mousehood  is only 

appropr i a t e  for 1-small premice,  but  in this pape r  we shall only be  considering 

still smaller  premice,  namely  those "below O ¶' ' .  For these premice,  "a lmost  

linear" i terabil i ty guarantees  mousehood.  

Definition 1.8: (i) A premouse  M is b e l o w  O ¶ iff whenever E is a (~,/3) ex tender  

on the M-sequence  and A < ~, then sup{7 [ c r i t (E  M) = A} < ~. 

(ii) O 9 is the unique w-sound mouse M such tha t  M is not below 0 9, but  

every proper  initial seg. of M is below O ¶. 

I t  is easy to see tha t  O ¶ is active (i.e. its last extender  predicate  is nonempty) ,  

and  t h a t  if # is the  critical point  of its last extender ,  then there is a ~ < # such 

t ha t  for cofinally m a n y  A < #, there is a (~, A) extender  on the O 9 sequence. I t  

is also easy to see tha t  po¶  = w, and thus O ¶ is countable.  

Definition 1.9: A cardinal  ~ is s t r o n g  if Vc~3j~(crit(j~) = ~ A j~ : V - - %  

I te ra te  the top  measure  of O ¶ ON t imes; we leave behind W, a proper  class 

inner model  with a s trong cardinal.  The  i terat ion points of the top measure  

give a cub class of indiscernibles for W, and O ¶ is construct ibly (in fact Turing) 

equivalent  to the  type  of these indiscernibles. I t  is easy to see tha t  a p remouse  

M being below O ¶ is equivalent to the condition tha t  if c r i t ( E ~ )  = ~ then  

j M  ~ "there are no s t rong cardinals".  If we are restr ict ing ourselves to premice 

below O ¶, then  the  i terat ions arising are of the following simple kind: 

Definition 1.10: An i terat ion tree T of length 0 is a l m o s t  l i n e a r  if for any 

a < / 3  < 0, T - p r e d ( ~  + 1) = a ~ / 3  = a + n  for some n < wAVk << n(cri t (E~-)  = 

crit (E~T+k)). 

I t  is easy to argue from the initial segment  condit ion tha t  for premice below 

0 9, t ha t  every i tera t ion tree on M is a lmost  linear (cf. §8 of [16]). 

If  7" is an n -max ima l  i terat ion tree on M with last model  P ,  and T does 

not  drop,  then  the canonical embedding i : M - - ~  P is an n-embedding.  We 

need to consider slightly weaker embeddings  as well, as these arise in the copying 

construct ion.  

Definition 1.11: Let M , N  be premice. Suppose i : M ~ N.  i is a n e a r  n-  

e m b e d d i n g  iff 

(i) M,  N are n-sound;  

(ii) i is rEn+ l  e lementary;  

(iii) i(pk(M)) = pk(g) for all k < n, and pn(g) >_ supi"pn(M). 
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Such a definition is obtained by weakening the definition of n-embedding by 

not requiring that  pn(N) = sup i"p,~(M). 

The following version of the Dodd-Jensen Lemma (cf. Lemma 5.3 of [13]) is 

fundamental. 

FACT 1.12 (Dodd-Jensen): I f T  = (T, deg, D , ( E i , M ~ l i +  1 _< 0}} is an n- 

maximal iteration on an n-iterable M and a : M ~ Mo3-1]~ is a near 

n-embedding where n <_ w, then 

(i) MOWII7 = Mow; 

(ii) T does not drop in model or degree; 

(iii) i~ (u)  _< a(u) for all u E M. 

The c o m p a r i s o n  of suitable premice is as in §7 of [13]. That  process results 

(in this setting) in: 

FACT 1.13 (The Comparison Lemma): Let M, N be below 0 ¶ and be n-sound, 

n-iterable premice (for n < w). Then there are n-maximal padded almost 

linear iteration trees 7- on M and Lt on N,  of the same length 0 + 1, with 

0 < max{card(M),  card(N)} +, so that either (a) Mo is an initial segment of Ne, 

deg(i + 1) = n for all i + 1 E [0, O]T, and D w = O, or (b) (vice versa) No is an 

initial segment o fMo,  deg(i + 1) -- n for all i + 1 E [0, 0]u, and D u = O. 

Note that  for almost linear iteration trees, if D w = 9, then the property that  

there is no dropping in degree along the main branch [0, O]T is actually equivalent 

to degV-(i + 1) = n for all i + 1 < 0. 

The comparison lemma implies that any two mice have a common iterate, 

namely, the shorter of the two final models produced by their coiteration. 

Definition 1.14: (i) A wease l  is a class sized mouse: W = {J~W,E, EW} where 
E w for all a E On {J~ ,EW,F ,  w}  = Wl]a is a mouse. 

(ii) A weasel W is un ive r sa l  if in the coiteration of W with any other mouse 

or weasel P to models (Wo, Po) (0 <_ oe), Po is an initial segment of Wo. 

A universal weasel iterates past all non-universal weasels and of course past all 

mice of set size. 

As is well known, a weasel W satisfies that ~ is strong if and only if 

{c~ I EW • 0 A cri t (E W) = ~} is unbounded in On. 

If some (equivalently all) universal weasels satisfy that there are no strong 

cardinals, then the universal weasels are precisely those weasels which iterate 

past all set sized mice. As we remarked earlier, this is the situation of most 

interest to us here. (On the other hand, if universal weasels satisfy "there is a 
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strong cardinal", then there is a non-universal weasel which iterates past all set 

sized mice.) 

A construction of K,  assuming -10 ¶, and a development of the facts we need 

here (all due to Dodd, Jensen, and Mitchell) can be found in ~8 of [16]. (Actually 

it is assumed there that  there is a measurable cardinal ft in the universe, but this 

assumption is not required for the construction of K below O¶.) 

FACT 1.15 (The Weak Covering Theorem): Assume 9 0 ¶ ;  then if~3 is a singular 

cardinal, [3 + = j3 +K . I f  t3 is inaccessible then cf(t3 +K ) >/3. 

In fact, correctly computing successors of singulars characterises universal 

weasels. 

FACT 1.16 (cf. [16] §3): W is a universal weasel i f  and only i f  on a s ta t ionary  

class of  ~, /3 + = j3 +W • Further, i f  assume there is no inner model  for a s trong 

cardinal, then W is a universal weasel i f  and only i f /3  + = ~+w for arbitrarily 

large cardinals ~. 

FACT 1.17: I f  ~O ¶, then for every universal weasel W ,  there is an almost linear 

i teration tree T on K with last model  W ,  and such that  T does not  drop in mode l  

or degree. 

Definit ion 1.18: K x  for x C_ a; is the core model built up from x-mice, that  is 

mice with an extra predicate symbol for the set x. 

It  is easy to see that  the above results relativise to K~ in the appropriate way. 

1.2.1 T h e  M o u s e  O r d e r  

We shall need some basic facts about  the mouse order. These results are due 

to Jensen and Mitchell, and are fairly well known, but there seems to be no 

careful discussion of them in print. The basic facts about  the mouse order are 

direct consequences of the Comparison Lemma and the Dodd-Jensen Lemma, 

and so should extend as far as inner model theory goes. Nevertheless, in order to 

avoid some awkwardness, we retain our assumption that  all mice are below O ¶ 

in this discussion. Let us say that  (M, n) is iterable just in case M is n-sound 

and n-iterable in the sense of [13] Definition 5.1.4, except that  in clause 2 of 

5.1.4 we allow arbitrary linear compositions of n-maximal iteration trees rather 

than only compositions of length < w. Let us call such a composition in which 

the a - th  component tree is k-maximal, where k = n if a -- 0 and k is largest 

such that  the base model of the a - th  component tree is k-sound otherwise, an n- 

m a x i m a l  i t e r a t i o n  o f  (M, n). (If one drops the requirement that  iteration trees 
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use extenders in increasing length order, then these compositions are n-maximal 

iteration trees themselves, which is probably more natural.) Fact 1.12, the Dodd-  

Jensen Lemma, easily generalises from n-maximal iteration trees to n-maximal 

iterations, and we shall refer to 1.12 when we really mean this generalisation of 

it. 

If (M, n) and (P, k) are iterable, then they can be compared, producing almost 

linear n-maximal and k-maximal iteration trees T and Lt on M and P.  We modify 

our terminology slightly so that an iteration is allowed to drop in model or degree 

at its last step (without going on to use an extender); with this convention, we 

can arrange that  T and/4 have the same last model, and that the degrees of their 

last nodes are the same. We call (T,b/) the (n, k) c o i t e r a t i o n  o f  M w i t h  N. 

Definition 1.19: 7- d r o p s  (in model or degree) if D 7- # 0, or if degT-(a) < degT-(0) 

for some ~. 

(Again this is not the right notion for arbitrary iteration trees, as one should 

restrict attention to the main branch, but for almost linear trees the two notions 

coincide.) Then if (7-,/g) is the (n, k) coiteration of M with N, then at most one 

of 7- a n d / /  drops. If 7- is an n-maximal iteration tree on M with last model 

P,  and 7- does not drop, then the canonical embedding i : M > P is an n- 

embedding. We need to consider near n-embeddings as well, as these arise in the 

copying construction. If 7r : M > N is a near n-embedding, (N, n) is iterable, 

and 7- is an n-maximal iteration tree on M, then 7- "copies" to an n-maximal 

iteration tree 7rT on N, with the copy map 7r~ : M f  ----+ N f  being a near 

degT-(a)-embedding. (See [15] Lemma 1.3.) 

Definition 1.20: The field NI of the mouse order is 

1VII = {(M, n) : M is an n-sound mouse, is below O ¶, and (M, n) is iterable}. 

Definition 1.21: For (M,n) and (P,k) in NI put: 

(M, n) < .  (P, k) iff there is a k-maximal i teration/4 of P with last m o d e l / ~  

such that  degU(a) = n, and a near n-embedding of M into p U. 

Note, trivially, that  if (M, n), (P, k) e NI and a : M ~ P is an m-embedding, 

where m, k >_ n, then (M, n) _<, (P, k). 

LEMMA 1.22: <. is connected and transitive. 

Proof: Connectedness is an immediate consequence of the comparison lemma. 

Now let (M, n) < .  (P, k) as witnessed by the iteration U of P and the near n- 

embedding 7r : M ~ P~.  Let (Q, e) _<. (M, n) as witnessed by the iteration W 
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of M and the near e-embedding r : Q ~ M~ v. Since D2 is n-maximal we can 
(p/A ~Trl/V form 7rW, and we have a near degW(/3)-embedding cr : M~ v ---4 ~ ~ j~ , as in 

the diagram below. 

(P, k) u pU ~w HpU~W , e )  

(M,n) w> 

Y 
( Q , e )  

But deg w (/3) = e, and so 7rW o L/and a o T witness (Q, e) _ .  (P, k). II 

Now set: 

Detinition 1.23: (M, n) = .  (P, k) iff (M, n) < .  (P, k) and (P, k) < .  (M, n) and 

(M, n) < .  (P, k) iff (M, n) < .  (P, k) and (M, n) ~Z. (P, k). 

LEMMA 1.24: For (M,n)  and (P,k) in •, (M,n)  <.  (P,k) iff there is an 

iteration Lt of (P, k) which drops (in model or degree), and a near n-embedding 

7r : M ~ Pff , the last model ofl.(. 

Proof: ( 0 )  Let (T, Lt) be the (n, k) coiteration of M with P. Recall our conven- 

tion is that  7- and b/have the same last model, and their last nodes have the same 

degree. /g must drop since otherwise T and iu witness that  (P, k) < .  (M, n). 

Since b/ drops, 7- does not, and i7- is the desired near n-embedding. (¢=) Let 

L/ and ¢r be as supposed. Suppose the n-maximal iteration W (with last model 

M w)  and near k-embedding T : P ) M w witness (P, k) < .  (M, n). As 7r is 

a near n-embedding and W is n-bounded, let 7rW be the copied tree on the last 

model of L/, pU, and let ~b be the copy map ¢ :  Mw~ --+ (pU)~w as shown. 

(M,n)  ~ , (pU) 

, w (M2 ,k) * 

By virtue of Lemma 1.3 of [15], ¢ is a near k-embedding, and thus so is ¢ o 7-. 

But 7rW o/g is a k-maximal iteration of P,  which on a final segment of its tree 
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ordering has deg~rW°U(a) = k (since this is true for W). By Dodd-Jensen there 

is no dropping on 7rW o L/, contradicting the existence of a drop on/A! | 

We remark that if n < ca and (M, n + 1) E 1~, then (M, n) < .  (M, n + 1). The 

iteration of (M, n + 1) verifying Lemma 1.24 is the trivial one which does nothing 

but drop once in degree. Straightforward applications of Lemma 1.24 yield: 

COROLLARY 1.25: (M, n) = .  ( P, k) iff n = k and there are n-max ima l  i terations 

T o f  M and Lt o f  P which do not  drop and which have the same last model .  

Using this we see at once that the result of coiteration determines the mouse 

order: 

COROLLARY 1.26: Let  ( M , n )  and (P ,k )  be in M, and (T,/A) be their (n , k )  

coiteration. Then 

( M ,  n) < .  ( P, k) iff  T does not  drop On model  or degree). 

Finally, what makes the mouse order most important is its wellfoundedness. 

LEMMA 1.27: ~ ,  is a preweltorder. 

Proof: All we have left to verify is wellfoundedness. Given X a nonempty subset 

of l~, we can find a _<.-minimal element of X by simultaneously comparing all 

the mice in X. One element of X must iterate without dropping to an initial 

segment of all the others. We leave the details to the reader. | 

2. U n i v e r s a l  i t e r a t i ons  

In this section we restrict ourselves to premiee below O ¶. We now introduce 

some concepts and results due to Jensen and Mitchell. 

Definit ion 2.1: Let M , N  be n-sound, n-iterable premice. 7r : M ~ N is an 

n-derived iteration of M, if there are n-maximal iterations T,/~ on M, N with 

D T, D u = 0, with a common last model P = M T = N~ ,  satisfying degT(a) = 

degU(a) = n for all a, and iteration maps 7rUp:TrNp SO that ran(TrUp ) C 

ran(TrNp), and ~r = 7rN1p o 7rMp. 

LEMMA 2.2: I f  ~r : M ~ N is an n-derived iteration map, and a : M ~ N 

any near n-embedding ,  then 7r(~) < a(~) for all ~ E O n  N M .  Hence the derived 

n-i terat ion map is unique, and we write it 7rMg. 

Proof." Let 7rMp , 7rNp be as in the definition of n-derived iteration. Then 7rNp o a 

is a near n-embedding into P. Apply the Dodd-Jensen Lemma (Fact 1.12). | 
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LEMMA 2.3 (Jensen): L e t  Ir : M ~ N be  an  n - d e r i v e d  i t e r a t i o n .  T h e n  re is an  

i t e r a t i o n  map. T h a t  is, t h e r e  is an  a l m o s t  linear n - m a x i m a l  i t e r a t i o n  t ree  T on  

M w i t h  D r = ~, degT(a) = n,  for  all a ,  a n d  w i t h  las t  m o d e l  M ~  = N s u c h  

t h a t  rr = irooo. 

P r o o f :  Let (T,/g) be the (n, n) coiteration of M with N. Let P be the common 

iterate of M and N guaranteed by 2.1. Since (M, n) = .  (P, n) = .  (N, n), neither 

T nor b/drops,  and we have n-embeddings rr~0 and rru0,0 from M and N respec- 

tively into the common last model M o  = No.  (We have padded the coiteration 

to save notation.) 

CLAIM 1: reT = rru o 0,0 0,0 7F M N " 

Proof: We consider the (n,n)  coiteration (V,/A) of P with N = e l  No.  

P 

7rMN 
M , N  

Mo No = ~r 

Since (P, n) = .  (N, n), "P and/A do not drop, and we have n-embeddings a and 

r of P and N r into the common last model P ,  = N ,  of Y and/5 .  Note that  

er o rrNp = r o rr u by Dodd-Jensen. Now let 77 be an ordinal in M. We have 0,0 

T(~0UO(~MN(.))) = O(~NP(~MN(.))) = ~(~MP("))  = T(~0r,0(")), 

the last equality by Dodd-Jensen applied to the two iteration maps a o roMe and 

r o rr~0. Peeling off r ,  we have Claim 1. 

We now show by induction on i < 0: 

(i) N / =  N, and 
u -1 7r T is (ii) if i e [0, O]r, then rqT0"Mi C rr u "N (and hence rOMaN = (%,o)  o i,o 

, - -  0 , 0  

the derived iteration map). 
Suppose i = j + 1 and (i) and (ii) hold for j .  (i -- 0 is the content of Claim 1.) 

Let E u ,  E f  be the extenders chosen at the j t h  stage of the eoiteration. 
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CLAIM 2:E~4 = 0. 

Proof'. Suppose otherwise. Let ~ = cr i t (E~) .  Let (l+l)UO and U - p r e d ( / + l )  = 0, 

so tha t  crit(Ez u) = crit(%u,0) = g by almost linearity. Let h + 1 _> i be least so 

tha t  h + 1 E [0, 0]T; setting k = T-pred(h  + 1), we have k < j and k c [0, O]T. 

SUBCLAIM: cr i t (Eh T) = g. 

T "Mk C 7r u "N  As ~ Proof'. By the inductive hypothesis  (ii) at k < j 7rk, 0 - 0,0 • 

ranTroU,0, crit(1r~0) =as n' -< n. Then  cri t(Eh T) = t~'. But  by 9 0 ¶  and the initial 

segment condition, mP >__ t~ (as otherwise for unboundedly  many ~ < ~ Eh T I r/ 

is on the MJ ~ sequence). I(Subclaim) 

Then  cr i t (Eh T) = ~; = crit(EzU). We use the familiar argument  tha t  these 

extenders  agree below the minimum of the two suprema of their respective sets 

of generators,  and this is a contradiction to coiteration (cf. [13] Lemma 7.2). 

If a C [U(Eh T) N u ( E ~ ) ] < ' :  

E T  o,o -- A E ( h )a ~ a E Tr~o(A ) = ~r u OTrMkN(A) (using(ii)  at k < j )  

¢=~ a E ~rUO,O(TrMkN(A) N [n]]a]) 

E u a E 7r~0 (A) ¢==*z A C ( t )~- I(claim2) 

We thus have Nj+I = Nj  = N.  Suppose n o w i  • [0,017-. (Thus h = j  and 

E f ¢  0.) Observe tha t  crit(~r/T,0) > l h ( E f )  (as we are below O¶).  Let us assume 

that  Mi -- U l t o ( M k , E f ) ,  the case that  M/ is a n-ul t rapower for n > 0 being 

quite similar. So Mi = {~r~i ( f ) (a)[ f  6 Mk and a • [ - (E f ]<~} .  Then  

~r~0(Tr~(f)(a)) ---- 7r~o(f)(a ) (as crit(TrT0) > lh (ET))  

= 7r~,o(TrMky(f))(a ) (by (ii) at k) 

= 7r~,O(~rMkN(f)(a)) (as crit(Tr~O ) cannot  be < l h ( E f ) ) .  

U ~ AT Hence "~7- "~%. C 7r0, 0 ~, as required. 
" i , O  ~ - 

Suppose now tha t  i is a limit and (i), (ii) hold for j < i. (i) is then trivial 

at i. Note  tha t  i • [0,0IT, and so for a n y x  • Mi, i f x  = ~rf, i(~ ) w i t h j  <T i, 
U ,,7,~ by the inductive hypothesis. This yields (ii) then  7r~o (x) = 7rTo (~) • 7to, o , ,  

immediately.  I 

Remark: The  proof  shows tha t  if 7r : M ~ N is an n-derived i terat ion map,  

then  the comparison of ( M , N )  results in M iterating (without any drops) to 

N without  the lat ter  moving. In particular,  any i terat ion map associated to an 

n-maximal  linear composit ions of i teration trees can in fact be generated using 

a single n-maximal  i terat ion tree. 
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De~nition 2.4: Let E be an extender over some premouse M, and let Y C lh(E) 

be such that  cri t(E) E Y. We let E r Y = { ( a , x ) ] a  C [Y]<~ and x G Ea}, and 

call E r Y the s u b e x t e n d e r  of E with support  Y. 

If Y is not transitive, then E [ Y is not literally an extender, but it is equivalent 

to one. More precisely, let j : M > Ul t0(M,E)  be the canonical embedding, 

and Z = {[a,f]  M l a  e Y<~ a n d f  • M}. We write Ul t0 (M,E  [ Y)) for the 

transitive collapse of the substructure of Ult0(M, E) with universe Z, and let 

7r : Ulto(M, E [ Y) ~ Ulto(M, E) be the inverse of the collapse map. It  is easy 

to see that  7r is a cofinal rE0 embedding, so that  Ult0(M, E r Y) is a premouse. 

Since ran(j)  C Z, we may define i : M ~ Ul t0 (M,E I Y) by: i(x) = 7r- l ( j (x)) .  

I t  is easy to check that  i is a 0-embedding, that  crit(i) = crit(E),  and that  

V l t0 (M,E  r Y) = { i ( f ) ( a ) l f  • M a n d a  • Y<~}, where 7r"Y = Y. Let G 

be the trivial completion of the (crit(i), sup]~)) extender derived from i, so that  

Ulto(M, E I Y) -- Ult0(M, G) and i = i M. We call G the extender e q u i v a l e n t  

to E I Y, or the c o m p l e t i o n  of E [ Y, and write G = (E F y)c.  It is easy to see 

that  for any ~, ~ is a generator of (E [ y)c  iff 7r(~) is a generator of E. 

According to the following result of Jensen and Mitchell, if M is a mouse below 

O ¶, then every subextender of an extender on the M-sequence is equivalent 

to an extender which is at most finitely many ultrapowers away from the M- 

sequence. This is sometimes called the derived extender lemma; it strengthens 

the axiom/ theorem that  the M-sequence is closed under initial segment up to 

taking one ultrapower. (However, unlike closure under initial segment, which is 

true for all the mice we know about, the derived extender lemma is false of mice 

just beyond O¶.) 

Definition 2.5: An extender E with crit(E) = ~ is at depth k from M,  if there 

is an n and a finite n-maximal iteration tree 27 on M with 

Z = (I,  deg, D, (Fi, M*+l)i+l<k ), 

where each F; is on the M z sequence, with crit(Fi) = n for i < k, and E is on 

the M z sequence. 

Note that  we can always take 27 to be 0-maximal, since a 0-ultrapower and an 

n-ultrapower agree to the image of the critical point, and hence past the lengths 

of the extenders in question. 

LEMMA 2.6 (Jensen-Mitchell): Let M be a O-iterable premouse below 0 ¶, and 

let E be an extender at finite depth from M; then for any Y C_ lh(E) such that 

cri t(E) C Y, (E [ y )c  is at finite depth from M. 
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Proof: Clearly, we m a y  as well assume tha t  E is on the M-sequence.  Let N = 

U l t o ( M , E )  and 19 = U l t 0 ( M , E  F Y). Let i : M ) 19 and j : M ~ N be the  

canonical  embeddings ,  and 7r : 19 ---+ N the factor m a p  described above. Let  

7r"Y = Y. We have 

(M, 0) < .  (19, 0) < .  (N, 0) < .  (M, 0), 

so (M,0)  = .  (19,0). Let t ing  (7-,b/) be  the (0,0) coiterat ion of hi  with 19, we see 

t ha t  nei ther  7" no r /4  drops  in model  or degree, and they produce a common  last 

model  P and  0-embeddings  k : M ---+ P and 1 : 19 - - +  P .  We claim tha t  19 is 

a 0-derived i tera te  of M,  with derived i terat ion m a p  i; for t ha t  it suffices to see 

t ha t  k = I oi. D o d d - J e n s e n  gives at  once tha t  k(~) _< l(i(~)) for all ~. To see the 

reverse inequality, we copy /4  to a tree ~rb/on N.  We have the d iagram 

P ~ R  

M ~ lr ) 19 ) N 

Thus  for any  ordinal  ~ of M,  we have 

~(k(~))  _> t(j(~)) = t(~r(i(~))) = ~(/(i(~)))  

because  t o j is an i terat ion map.  Peeling off ~r, we have k(¢) _> I(i(¢)). Thus  for 

all x E M, k(x) = l(i(x)), a n d / V  is indeed a derived i terate  of M with i terat ion 

m a p i .  By  L e m m a 2 . 3 ,  N is an i terate  of M,  and in fact P = 19, i = k, and 

1 -- id. I t  remains  to show tha t  i is the m a p  for a 1-step ut t rapower  of M by 

some F at  finite dep th  from M.  
Let  19 = M ~ ,  and notice tha t  0 > 0. Let  ~ = cr i t (E)  -- crit(i);  then  ~ = 

c r i t ( E ~ ) ,  where  m + 1 E [0, O]T and T - p r e d ( m  + 1) = 0. We claim tha t  E ~  is our  

required F;  t h a t  is, t ha t  no fur ther  extenders  are used in 7-. Suppose otherwise.  

We then  have n + 1 E [0, O]T such tha t  T -p red (n  + 1) = m + 1. Notice tha t  if 

is a genera tor  of E7-n, then ~ ~ 7r~e(f)(a) for all a E [~]<~ and f E M,  and 

since i -- r0T,0, this means  ~ is a generator  of (E  r y )c .  In part icular ,  let t ing 

~7 = crit(EnT), ~/ is a genera tor  of (E  t y )c .  Note also ~ < ~], and ~ = Ir(~/) is 

a genera tor  of E .  Now it follows easily from the initial segment  and coherence 

condit ions on good extender  sequences (p. 7, [13]) tha t  if Q is a premouse,  H 

an ex tender  on the Q-sequence,  and ~' a generator  of H such tha t  c r i t (H)  < % 

then  there  is an extender  J on the sequence of Ult0(Q, H)  such tha t  c r i t ( J )  < "y 
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and lh(J )  > 7. Applying this fact with Q = M, H = E,  and 7 = ~, we obta in  

an extender  J on the N-sequence  such tha t  c r i t ( J )  < ~ ~ lh(J) .  Since we are 

below O ¶, c r i t ( J )  = ~. Pulling back under  ~, we get the existence of a J on 

t h e / V  sequence such tha t  c r i t ( ] )  = ~ < c r i t ( E [ )  _< lh(J) .  But  then the initial 

segment  condit ion implies there are unboundedly  many  3 < c r i t (E~)  such t ha t  

c r i t (Ef f )  = ~. Since M [  agrees with N through c r i t ( E [ ) ,  M f  is not below 0 ¶, 

a contradict ion.  | 

Let  i : M ~ N be an n-embedding,  and suppose F is at  finite dep th  from 

M and cr i t (F)  < pM. There  is a clear sense in which we can apply  i to F ,  

even though  F m a y  not  be in M,  or on the M-sequence.  For let f f  be the finite 

n - m a x i m a l  tree on M with last model  P such tha t  F is on the P-sequence  (and 

all extenders  used have the same critical point  as F) .  We can copy , f  to a tree 

i f l  on N (cf. §5 of [13]), and we have an n-embedding  ~ : P > Q, where Q 

is the  last  model  of i,7. We shall take ~ ( F )  to be the result of moving F by i. 

I t  is clear tha t  ~ ( F )  is at  the same depth  from N as F is from M.  Also, the 

agreement  among  the copy maps  implies tha t  for x C cr i t (F)  such t ha t  x E M,  

i(x) = 7r(x). Thus  we have tha t  for all a E [u(F)] <~ a n d x  E M , x  E F~ iff 

~r(x) E 7r(F)~(~) iff i(x) E 7r(F),~(~). Let us call 7r the (i, F )  copy map.  We need 

a l e m m a  on interchanging the order of ul t rapowers by extenders  a t  finite dep th  

f rom M.  

LEMMA 2.7: Let (M,n )  E l~, and let E and F be at finite depth from M.  
M (i M, F )  map,  X -- 7r"p(F),  Suppose cr i t (E)  < cr i t (F)  < Pn . Let 7r be the copy 

and G = (Tr(F) [ X )  c. Then Ul tn (Ul tn (M,E) ,G)  = U l t n ( U l t n ( M , F ) , E ) .  

Moreover, setting R = U l t , ( M ,  E)  and N = Ul t~(M,  F) ,  the following d iagram 

commutes: 

Ult~(M,  E)  = R ;~ Ul tn(R,  G) -- Ul tn(N,  E)  

M , U l t n ( M , F )  = N 

Proof: For nota t ional  simplicity, we do the case n = 0, and write Ult for Ult0. 

We shall use the  following familiar notation: if b = { a o , . . . , a k - 1 }  and v = 

{ v o , . . . , v k - 1 }  are sets of ordinals in increasing order, and a = { a i o , . . . ,  aim } 

where i0 < . . .  < in, then Vab = Vi0,-.. ,Vi~. When  the context  permits ,  we shall 

wri te va for Vab. We shall identify Ult(R,  G) with the submodel  of UIt(R,  ~ (F ) )  

to which it is isomorphic,  and from which we defined it; t ha t  is, we shall consider 

member s  of U l t ( R , G )  as being of the form [n(c), n h]~(F), where c E [v(F)] <~ 
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and h E R. We define an isomorphism a : Ult(R, G) ~ Ult(N,  E)  as follows: 

for c E [~,(F)]<~,b E [u (E) ]<~ , f  E M a function with d o m ( f )  = [a]lbl and 

Yu E [a]lbl(f(u) is a function with dom(f (u ) )  = [#]lcl), where a = cr i t (E)  and 

tt = cr i t (F) ,  we set 

M R 
E "  

Notice first in this context,  [c,f(u)] M = iM(f(u))(c) = iM(f)(u)(c) because 

u E In] <~ and a ~ it, and thus the function )~u.[c,f(u)]MF is in N.  So the 

expression on the right defines an element of Ult(N,  E).  

Next we show a is well-defined on equivalence classes, and E-preserving. For 

we have: 
M R E M R 

[Tr(c), [b, f]E ]=(F) = [~r(d), [a,g]E ] , (F)  

by Log for Ult(R, ~-(F)), for 7c(F)~(cUd) a.e. v: 

[b, f]M (v=(~))~[a, g]M(v=(d)) ¢:==~ 

by Log for U I t ( M , E ) ,  for Eaub a.e. u, for F~ud a.e. v: 

f(Ub)(V~) e=g(u~)(Vd) 

by Log for Ul t (M,  F ) ,  for E,~ub a.e. u: 

c ME M [ , f(Ub)]r =[d, g(Ua)]F 

by Log for Ul t (N,  E): 

N ~ [a, ~u.[d, M N [b, = g(u)]r ] 

[Here are some details on the second equivalence. Let h E M be given by: 

h(u) = {v I f(ub)(Vc) ~ g(ua)(Vd)}. Notice tha t  Feud D ran(h) is in M,  by weak 

amenabi l i ty  of F and the agreement between M and the model  where F appears.  

Now h(u) G Fcud for Eaub a.e. u iff [hUb, hi M E iM(FcudDran(h)) iff [aUb, h] M E 
7c(FcudDran(h)) (since ~r and iB M agree on subsets of it) iff [aUb, h]BM E ~r(F)~(cud). 

But  of course, [a U b, h]BM = {v lib, f]EM(v,ffc) ~ [a,g]M(v,~(d))}. ] 
Finally we show tha t  a is a surjection. Let [b, g]E N be an arbi t rary  element of 

Ult(N,  E) .  Let  g = iM(h)(c) where c E [~(F)] <~°. Then  for u E [alibi we have 

g(u) = iM (h)(c)(u) = iM (f(u) )(c) = [c, f (u)]  M, 
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where f E M is such that  d o m ( f )  = [~;]lbl and for u E [n]lbl, f (u)  is a function 

defined by: f (u) (v)  = h(v)(u) for all v E dom(h) such tha t  u E dom(h(v)) .  Thus  
[b, = [b,  u[c, N E'  as desired. I 

Let (M, n) be iterable, and 0 > On N M be any sufficiently closed ordinal, for 

example, an M-admissible ordinal or more usually a cardinal. 

Definition 2.8: An-n-maximal  iteration/A of (M, n) of length 0 +  1 is n - u n l v e r s a l  

iff 

(i) U does not drop (i.e. D u = ~ and degU(0) = n), and 
M u 

(ii) for any c~ E [0, O]u and F at finite depth from M u such tha t  c r i t (F)  < p,~ ~, 

i u F) copy map  and 7 + 1 there is a /3  in (c~, O]u such that ,  letting 7r be the ( ~,~, 

be least in (/3, O]u, we have 7r(F) = E u.  

For any (M, n) E NI and M-admissible ordinal 0 > On N M,  one can easily 

const ruct  an n-universal i teration of (M, n) of length 0 + 1 by dovetailing. There  

are of course many  such iterations, but  they all produce the same last model,  as 

we shall now show. 

LEMMA 2.9: Let (M, n) E NI, 0 > On M M be M-admissible, and 7- and ld be 

n-universal iterations of (M, n) of length 0 + 1; then MoT = M u. 

The  proof  of 2.9 rests on the fact tha t  for every a < 0, M u is an iterate of 

M r . We prove this fact first. 

LEMMA 2.10: Let bl be an n-universal iteration of (M, n) of length 0 + 1, where 

0 is M-admissible, and let V be an iteration of (M, n) of length # + 1 < 0 which 

does not drop in model or degree; then there is an iteration 7- o f ( M  v ,  n) of length 

( + 1 < 0 which does not drop in m o d e / o r  degree, and such tha t  Me r = M u for 

some a E [0, 0]u. 

Proo~ The proof is by induction on the order type of [0, tz]v. It is a nota t ional  

nuisance tha t  b/, V and the tree T we are to construct  are only almost  linear. In  

order to avoid some awkwardness, we shall for the durat ion of this proof  re-index 

/g, V and T so tha t  only the models and extenders along the "main branches",  i.e. 

those leading to the final model, get indices. Thus  M u is the a t h  model on [0, 0]u, 

and Mff+ 1 = Ul t~(M u ,  EU), and similarly for V and T.  In this way, almost  linear 

i terations are equivalent to linear i terations in which the extender used to get to 

the next model  is always at finite depth from the current one. So re-phrased, our 

proof  is by induct ion on # + 1, the length of 1). The case tt = 0 is trivial, so we 

proceed to the case # = 1. Let F0 = E0 v be the first extender used in 1). Notice 

tha t  if E and F are at  finite depth from P ,  and cri t(E) = cr i t (F) ,  then exactly 
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one of the following holds: (a) E is at finite depth from Ult0(P,F) ,(b)  E = F ,  

(c) F is at finite depth from Ulto(P, E). The proof is an easy application of the 

coherence condition: consider the first place where the sequences of ultrapowers 

leading to E and F diverge, and ask which uses the longer extender at that  point. 

The trichotomy also holds with Ult0 replaced by Ultk whenever crit(E) < pP. 

Notice also that  if E and F are at finite depth from P and crit(E) < crit(F),  then 

E is at finite depth from Ult0(P, F),  but F is not at finite depth from Ult0(P, E). 

Thus for any E and F at finite depth from P, exactly one of (a), (b), and (c) 

above holds, and in (a) and (c) we can replace 0 by any appropriate k. We now 

define inductively an iteration T of Ul t , (M,  F0), together with an extender F.~ 

at finite depth from M u,  in such a way that the following diagram commutes, 

with all maps n-embeddings: 

M , M g  M y  - . .  

M~+ 1 Ult~(M, Fo)E--- ~ M1T ~ M2 T ) -" Mf  u 

For the successor step of the induction assume we are given F~ at some 
M u 

finite depth from M u,  with crit(F~) < pn ~, such that z~- : M u ~ M ~  = 

Ult~(MU, F~) is an n-embedding; and T [ 3 '+ 1 has been constructed with 
V5 <_ 3" degTpr+l(5) = n. If F~ =fi E~U: 

(1) If L~ u is at finite depth from Wltn(M~ u, F-r) , set E ~  = E~ u and FT+ 1 = 

(Tr(F~) r X) c, where ~r is the .u (*7,-y+l, F~) copy map and X = zr",(F-r); 

(2) if F~ is at finite depth from Ult,~(M u,  u E• ), set F.r+, = F.~ and /~f  = 

(Tr(Eu) t X) c , where 1r is the (iF~, E u) copy map and X -- 7r"v(EU). 

As we have observed, if E u ¢ F~, then exactly one of (1) and (2) must hold. It 

is clear that  in either case, F~+I is at finite depth from u M~+I, and crit(F~+l) _< 

iu,~+l(erit(F~) ) < p M'ul. Moreover, by 2.7, M~+ 1 u = Ult~(M~+I, F~+I), and the 

diagram continues to commute. This finishes the successor step in the construc- 

tion of T. 

Now let A be a limit ordinal, and suppose that for all ~ < A we have defined 

F~ at finite depth from M u and E~,  using the method above at, successor steps, 

and the method we are about to use at earlier limit steps. Note there are only 

finitely many 3" < A such that  crit(F~) = cr i t (E u) and (2) holds in the definition 

of F~+I, since crit(F~+l) < iU~+l(crit(F~) ) in this case. Let c~0 < A bound 

i u F~) copy map. It is easy to such 7. For c~ < ~ _< A, let ~r~,~ be the ( ~,~, 
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see that  for c~0 < c~ < ~ < A, FZ = 7r~,~(F~) or FZ is at finite depth from 

Ult~(M~,  E~).  So we can find ctl < ,k, with o~0 < o~1, such that Ffl = 7rc~,~(Fc~) 

whenever ~1 < c~ < fl < A. This also implies that  the 1r~,~'s commute when 

a l  < c~ < ~ <_ A. We can therefore set F~ to be the common value of lr~,x(F~),  

for all c~ < A sufficiently large. Clearly, Fx is at finite depth from M u and 
M u crit(Fx) < pn ~ . We must check that  M [  = Ult~(M u,  Fx) and that  the canonical 

embedding iF~ continues to make the diagram commute. But it is easy to see by 

induction that  for ~1 " (  O~ < ~ (taking n = 0 for notational simplicity): 

M u (3) .T M u .U .U (.e~l ~+1 
= [~a,a+l (a), 

This holds by the proof of the Lemma 2.7, by reading the corners in the diagram 

there in two different directions: with M, Ult~(N, E) there as M u,  M~+ x here, 

and N, R as Ma T, MaU+l (in case (1)), and as MaU+l, MaT (in case (2)), and the 

maps read appropriately. (3) then clearly holds in the direct limit, that  is, with 

,~ replacing c~ + 1. 

The construction of T continues until we reach a 7 so that  F7 = E u. Such 

exists, since/4 is n-universal. At this stage we set c~ to be 3' and we have then 

completed the diagram above, and the proof in the case # = 1. 

At successor steps tt = u + 1, having constructed inductively 7- = T ~ an 

iteration of Mo T -- M f with M ~  = M ~  say, we build a similar diagram using 

start ing models M v and Ultn(M~, E~) = M~v+I, and extender E v, in place of 

M, Ultn(M, E0 v) and E0 v, and use as iteration along the top bar T"  continued 

b y / 4  from ~ + 1 onwards. Proceeding to the limit we have the picture on the 

following page. 

We need to show there is a a welldefined n-maximal iteration map of M v 

---, M u i u to some M~ u Lim ( ( ~ ) ,  the = (~¢,~)¢___~<~) direct limit along the "zig-zag" 

(which of course is just the same limit model as in the iteration/4). We show that  

a is a derived n-iteration map and then by Lemma 2.3 we have M U  is an iteration 

via some T "  say, of M v .  Let x C M v and let 2 E M v with ivy(2) -- x. All the 
.T'~ prior maps in the diagram are commuting iteration maps; set a '  =dr z0,~o. So we 

may define a ( x )  = i u (a ' ( x ) ) .  By commutat ivi ty a is well-defined, and is an 

n-embedding. Compare M U  and M~ v as shown to a common Q with resulting 
0 .ld .12 comparison maps k and I. By Dodd-Jensen k ~ , ~ ,  o a '  = l o %,~ (as both sides 

are n-embeddings without drops). We thus have: 

=  (iu =  (iv 

In particular ran I C ran k and Lemma 2.3 applies. 



Vol. 104, 1998 ~ I  3 ABSOLUTENESS 

This completes the limit case and the induction• | 

177 

M > M u 
~ o  

M v ~,' 

l 
My 

> M u 

> 

"'. MU 
k / 

/ 

Proof  of  Lemma 2.9: Let M u, M0 v be the last models of two n-universal itera- 

tions of (M, n). Suppose x .u - = ,~o(X). There is a 5 < 0 so that M v is an n-maximal 

iterate (without drops) of M u,  by application of the last lemma. We may thus 

define ~: M0 u ~ M0 v by ~(x) 4: . g g u V ~0( M~ M, (~))" By identifying isomorphic 

direct limits, it is easy to check that ~ is the required identity• | 

COROLLARY 2.11: Let (M,m) and (N,m) be in 1~, let 0 be a cardinal > 

card M, card N, and let M~o ~ and NoV be m-universal iterations of length 0 of 

M and N respectively. Then 

(i) (M,m) = .  (N,m) i f fM u = N v, and 

(ii) i f  (M, m) =,  (N, m), then M u e L[M] N L[N] 

Proof'. In L[M] (respectively L[N]) let/.4 (respectively 12) be any m-universal iter- 

ations of (M, m) (respectively (N, m)) of length 0 + 1. Coiterate (M, m), (g ,  m) 

to a common (Q, m). These iterations do not drop and are m-maximal. By 

Lemma 2.10 there is an m-maximal iteration W0 of (Q, m) with last model M u 

for some "Y0 < 0. Similarly there is an m-maximal iteration 1421 without drops 

of (M u ,  m) to a model (N~, m) for some 5o < 0, and an m-maximal iteration 

W2 of (N~, m) to (MUl, m). Proceeding back and forth in this manner there are 

m-maximal iterations W2n of (NV_,,m) to (MUn,m) and ~/V2n+l of (MU, m) 

to (N~,  m). Letting ~ =d/ SUPn{3'n} and ~ =d/ supn{5~} we see that M u and 
N v are common models to both Lt, V. Clearly this happens unboundedly often 

below 0 and hence Mo u = No v e L[M] N L[N]. | 
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For 0 a cardinal, 0 > card M we may also view the last model M~ of such 

an n-universal 0 iteration L/ of (M, n) as the direct limit under comparison of 

all mice (N,n) = .  (M,n) with c a r d N  < 0, as follows. Let Af be the set of 

such mice. Suppose N~ P EAf. Set N _ P if there is 7r : N ----+ P an n-maximal  

iteration (without drops) with (unique) map 7r = 7rgp. Thus {AY, ~) is a directed 

system. We form a direct limit as follows: let (Q, n) be the resulting last model 

from the (n, n) coiteration of of (N, n) and (P, n). Let 7 r g q  , 7rpQ be the iteration 

maps, and so P _ Q, N -< Q. For any N , P  E AY, any x C N, y C P we define 

x ~ y if 7rNQ(X ) E= 7rpQ(y). Then set 79 = {[x]~ I 3N E A/'(x C N)} and it is 

easily seen that  ,-~ is welldefined and that  79 is a set of equivalence classes. Set 

7rN(x) = [x]~ for (N, n) CAf; then 71" g is welldefined and is an e-embedding of 

(N, C} into (79, E). Defining predicates/~, /6 in the usual manner we can construe 

((79, E, J~, Y) ,  (7rN)NeA/") ~- Lim{(N, e,  E N, FN), (TrNp)N~PEAY). We shall have: 
._-__+ 

COROLLARY 2.12: (79, E,/~,/~) ~ (MoT, E,EM°W,FM[}, where Mo T is the tast 

model on T, an n-universal iteration of length 0 of (M, n). 

Proof: Let N C AY, and let P be a common iterate of N and M witnessing this. 

By 2.10, there is an ct < 0 such that  M ~  is an iterate of P. It  follows that  

X ___ Ma T . Thus {Ma T : a < 0} is -< cofinal in Af. By the Dodd-Jensen lemma, 

the i v- are just the maps 7rMT M T used to define 79. Thus Mo r = 79. I 

Definition 2.13: Let 0 > card(M),  k < w, and let M~ be the k-universal iteration 

of (M, k). Then set o(M, k, O) =dy On A M~. 

Using this we get: 

LEMMA 2.14: If O > c a r d M  and T is a k-maximal iteration of (M,k)  without 

any dropping, and with last model M~, then MoT A On < o(M, k, 0). 

Proof: Then M ~  is a direct limit of smaller M ~  = .  M. But by means of the 

last corollary, we may embed the direct limit model MOT into M0 u and the result 

follows. I 

If we are only dealing with premice below O ¶ then the mouse order below any 

particular mouse N has no holes in L[N]: 

LEMMA 2.15: Let (M,k)  < .  (N,m) .  Then there is M E L[N] with (M,k)  = .  

(M,k). 

Proof: Suppose not and let (N, m) E IVII be least (in <_.) for which this fails for 

some (M,k) .  Then (M, k) < .  (N ,m)  and if the (k ,m) coiteration of (M,k) ,  
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• u NjU, (N, m) results in trees T, b/, there is a least stage j so that zj,j+ 1 : ~ N~+ 1 

involves a drop in model or degree. By Lemma 2.10, if 0 is a suitably large 

cardinal and 14; is an m-universal iteration of N, with 14~ E L[N], then there 

is 7 < 0 with N w an m-maximal iterate of NJ ~ and cr : N~ ) N~ vv an m- 

embedding. Hence (M,k)  < .  ( N ~ , m )  = .  (N~V,ra). Let degU(j + 1) = ~h. If 

zj,j+l.u does not drop in model but rh < m, then we shall have the following (the 

strict < .  by virtue of the m-embedding ~): 

(M, k) _<. (g~ ,  rh ) : - .  (N w ,  rh) < .  ( N ~ ,  m). 

This contradicts the leastness of (N, m), since (N~ W, m) E L[N]. Hence there is 

a d r o p i n  model and N~* = j g ~  for s o m e a  < O n M N ~ .  I f a ( a )  = 5, then 

a I N f :  N~ > NWl[0 is a fully elementary embedding and we have: 

(M,k )  <_, (N; , rh)  _<, (NWil&,~h) < ,  ( N ~ , m ) .  

Again N~Vl[5 E L[N], and this contradicts our choice of (N,m)  as _<,-least. 

I 

3. T h e  s econd  u n i f o r m  ind i sce rn ib le  

We assume in this section -70 ¶. 

DeI~nition 3.1: K a =dr K i[a] for a any set of ordinals. 

K a is thus a weasel of the form (L ~, E, E) ~ "V -- K ' .  

LEMMA 3.2: Let c E I ~, then (c+) L[a] = (c+) ~:°. 

Proof: Let j : L[a] -+ L[a] be elementary with the first ordinal moved by j being 

c. Suppose c ~ =dr (c+) Ka < (c+) L[a]. Let Ej be the extender derived from 

the embedding j ,  that  is for b E [j(c)] <~ set X E (Ej)b ~ b E j ( X ) .  By 

an old argument of Kunen, the fragment of the extender on K a is in L[a]: let 

F = Ej A([j(c)] <~ × K~). We are claiming F EL[a]: let (Xa I s  < c) enumerate 

(P([c]<~))g~in L[a] ; for b E [j(c)] <W we have 

(Ej)b = {j(X )ncl  < c A 

Since j((X,~ [a  < c}) E n[a], we have that F E L[a] as required. Now work in 

L[a], and let i : K ) Ult(K, F)  be the canonical embedding. Because O ¶ does 

not exist, i = iT where 7" is some almost linear iteration tree on K. Let E be 

the first extender used on the main branch of 7-, and ~ the natural length of 
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E.  Notice t ha t  v >_ j (c) ,  since K agrees with U l t ( K , F )  up to j (c ) ,  which is a 

cardinal  of V ( tha t  is, L[a]). But  j (c )  = i(c) = iT(c) > iE(c) > u, with the last 

inequali ty holding because E is not of supers t rong type. Contradict ion!  I 

Remark:  One can prove 3.2 under  the weaker hypothesis  tha t  L[a] satisfies tha t  

there  is no inner model  wi th  a Woodin  cardinal.  The  proof  just  given t ha t  

F E L[a] works under  this weaker hypothesis.  One can then show tha t  F is on 

the K ~ sequence by using the fact tha t  L[a] has background certificates sufficient 

to guaran tee  the i terabil i ty of the phalanx  ((K,  Vl t (K,  F [ ~,)), ~) for all ~, < j (c) .  

See [16] 8.6 and 8.7. 

LEMMA 3.3: For any a E ]~ there is a countable M = M a , n  = n~ so that 

(M,  n) e I~ N L[a #] and iterates past  K a. 

Proof: In  L[a #] we may  define the compar ison of K a# with K a. Let  T ,  b/ be  

the resul tant  On- leng th  i terat ion trees. As L[a] computes  all successor cardinals  

incorrectly, we have fo r  all c C I a c + > (c+) LM = (c+)h'~; hence K a is not  

universal.  As K ( =  K a#) is universal  but  K a is not, a simple reflection a rgumen t  

shows D u = 0. As M ~  =fi M u we have by Definition 1.14 tha t  some ordinal  3' is 

sent out  to O n  on the 7" side. We claim 

(i) 3C C_ On,  C cub, so tha t  i , j  c C, i < j ~ i = ~i < ~j = j and 
= 

(ii) i E C - - + u u  . i C i .  0# - -  

A s t anda rd  regressive function a rgument  shows there is a s t a t ionary  set C 

satisfying (i), and it is easy to see t ha t  such a C can be closed. Suppose (ii) fails. 

Then  some ordinal  on the K a side also must  be sent up to On. By the s t andard  

closure a rgumen t  (el. the Claim on p. 72 of [13]), there is a cub D C_ On  such 

that :  

(1) a E n ~ a = ~ = crit(Tr~o ) = crit(TrU,o), 

( 2 )  < • D = A = 

(3) a = ~ • D A A C_ [ ~ ] ~  A A • lEVI n IEUI ~ ~ o ( A )  = ~U,o(A). 

We should then  conclude Ea  T [ ~ = Ea  u [ v (v = min{~(EaT) ,~(EU)},  the  

m i n i m u m  of the two sup rema  of the generators  of the extenders)  and there  would 

be no fur ther  need to coiterate.  And this would be a contradiction.  

Hence r0,o,~u ,,r),_,n C_ On. Again by a closure and reflection a rgument  we m a y  

assume tha t  C fulfills the requirement  (ii). So let j be the least e lement  of C and 

= tcj; as we are below O ¶, there is a least ordinal a bounding the length of the  

extenders  in M T with  critical point  ~. I t  is then easy to see tha t  the coi terat ion 

of M ? l a  and M ~  uses the same extenders  as 7- and L / fo r  i >_ j .  Set M equal  
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to this M r .  Clearly M iterates past K "  and is definable in L[a#]. Thus it is 

countable in L[a##].  | 

COROLLARY 3.4: I f  M is countable and (M,n)  E M and (M,n)  iterates past 
K a, then for c --- wYl, (c+) L[MI > o(M, n, c) > (c+) L[al. 

Proof: With j, ~, C, T,  L/as  in the last proof, we shall also have that  C satisfies: 
T . + M y (iii) supTrj,~ ( ~ )  ~ = 7rT~((~+) M~r) = (c+) M{ = (c+) My 

As K ~ = M~,  (c+) M{ >_ (c+) K". By Lemma2.14  o(M,n ,c )  > O n n M  T > 
(c+)M[ =- (c+)M{ >__ (c+) K" = (c+) L[a] with the last equality by Lemma 3.2. 

Clearly (C+) L[M] > o(M,n,c) ,  as cardL[M](M) < c. | 

LEMMA 3.5: 5~ = sup{(c+) L["l ] a e R} = sup{o(M, n, c) [ M E M N HC}.  

Proo~ Setting, for a E N, (M a, n ~) the mouse (M, n) C L[a #] occurring in the 

proof of 3.3, we have (c+) L[~] < o(M~,n~,c) < (c+) n[~#l. The result follows. 

| 

LEMMA 3.6: 6~ =w2 ~ 3 (M,n)  E H C  (KlwY,~) < .  (M,n) .  

Proof: Let c = w V. Consider any (M,n)  E H C  and let it be compared with 

(KIc, w) with resulting trees T,  L~. 

CASE 1: lh(T),lh(Lt) = "y < c. 
Then (M,n)  < .  (KIc ,w) as clearly D u ¢ O. Note that  there is then a < c 

with (M, n) < .  (K[a,  w) as there is a bound below c on the length of any lh(E~) 

used on the U-side. Thus if Case 1 held for all such (M, n) we should have 

o(M, n, c) < 5 =dr sup{o(KIc~, w, c) 1 a < c}. The latter supremum 5 is definable 

in K,  and hence 5 < w K < w2. Thus 6~ < w2 by Lemma 3.5. 

Hence Case 2 must hold for some (M, n) e H C  where: 

CASE 2: l h (T)  = lh(U) > c. 

The following claim then proves the lemma: 

CLAIM: l h (T)  lh(U) = c + 2, ~u "c C c, and  3 ~ , j  < ~ ~T,c(~) = c, and  0~C - -  , 

D T ¢ 0 .  

Proof: The existence of j, ~ follows immediately from the case hypothesis. 

Suppose 7r u "c 0,c ~ c. Then also on the L/side there must be ~, i with 7r~c(& ) = c. 

But now we may rerun the argument of Lemma 3.3 to get the same contradiction 

on a cub set D C c now. We thus have M y  a proper initial segment of M T, and 

the final iteration is the trivial one of a drop in model on the T-side. | 
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COROLLARY 3 . 7 : ~ 1  = co2 ~ Yx E lR(wl inaccessible in K~). 

Proof: Let c = col v. The last lemma also showed the comparison of some (M, n) 

with (K, co) resulted in trees (7-,///) with M u a proper initial segment of M f ,  with 

{~ I ~c = c r i t ( E / ) , i  < c} unbounded in c. Hence M u ~ "there are arbitrari ly 

large cardinals". As 7ru~ : KIc > M u is elementary, we have tha t  K ~ "c is 

inaccessible". But  note tha t  the whole argument  of 3.2 3.7 relativizes to any real 

xE]R .  I 

Tile following lemma shows tha t  Klco2 is universal for mice of cardinali ty less 

than  w2 (in tha t  any such mouse satisfies (M,w) < .  (Klco2,co)). Jensen in [5] 

shows it is consistent relative to tile existence of a measurable cardinal tha t  Kick1 

is not universal for countable mice, in this sense. 

LEMMA 3.8: Let (M, co) E M with OnN M < co2- Then the (co, w)-eoiteration of 

(M,w) with (K,w) via trees (T ,H)  has length 0 < w2. Hence there is (N,w)  E 

K03 2 with (M, co) = .  (N, w). 

Proof: Suppose lh(T) = lh(/,/) is 0 > co2. Let P = M T Q = MU2, the models - -  0 3 2 '  

produced at the co2nd stage of the coiteration. Then  by repeating the a rgument  

of the 3.3 and 3.4, (with co2 replacing On), we should have a C C_ co2, cub, 

and satisfying (i)-(iii) of 3.3 and 3.4, and for some i < co2, some n = c r i t ( E / ) ,  
T ~ + M T  tha t  ~r/T~(n) = w2; 7ri,03 2 ( ~ )  ' is cofinal in (w+) P and hence the latter has 

cofinality < wl. On the other hand, D u C1 co2 = 0 with 7r u "w2 C w2, and 
- -  O , W 2  - -  

7c u ((w+) K) = (w+) Q. By the Weak Covering Theorem for K (Fact 1.15) the 
0 , 0 3 2  

lat ter has cofinality >_ w2. Thus (w+) P ~ (co+)Q. 

(1) (w+) P < (w+) Q, and w2 + l E D u. 

Proof'. By universality of K,  D r = 0. Then  at least one of E T03~, E u03~ is non- 

empty. Suppose E 7- ¢ 0 with critical point A. As D r = 0, A < w2. But  A < w2 
03 2 

is impossible, as this would imply that  unboundedly  many critical points below 

w2 have been used on the T side, and this contradicts the fact tha t  we are below 

O ¶. Hence A = co2. But  (co+)P > (co+)Q would require co2 + 1 E D r which is a 

contradict ion.  Hence the reverse inequality holds, and this means co2 + 1 E D u. 

If  E 9" = 0, E u is not. Similarly crit(EU2) < w2 would be a contradict ion 
OJ 2 t*)2 

using the initial segment condition and -,O ¶, as there would then be arbitrari ly 

long initial segments of E u on the AI~  sequence. Hence crit(EU2) = w2, and 
t*) 2 

again (co+)P ~ (co+)Q. Thus co2 + 1 c D u. | 

But now we shall reflect the facts of (1) below co2, to get D u N w2 ¢ 0 - a 

contradiction.  Let X -< V n be an elementary substructure  of a suitable large V n. 
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Suppose  W 1 U {M,K[w3,T ,  IA, D} C_ X ,  with X no02 E w2, and ca rd (X)  = o.) 1, 

Let j : N > V, be the inverse of the t ransi t ive collapse, with j ( (n ,  K ,  T ,  L/)) = 

(w2,KJw3,T, bl), and note  tha t  as X no02 is transit ive,  tha t  7- [ n = T I n, 

/~ I ~ = L/ [ n, and (~ = C n n .  Let /5 = M~,Q)  = M ~ .  Then  note  tha t  

j(<P,Q>) = <P,Q>. Let  R = M~,  S = M u. 
(2) (~+)R = ( ~ + ) f i A j  ~ = j R  for any a < (~+)R. Thus /51(~+)P  = Rl(n+) ft. 

Proof: For c~ < (n+) n note tha t  

= 7 r i , j ) i < j e C A  ~ Lim(J£~ ~ , 7r ¢ - s2 , = ----+ i , j } i < j c C  

and the  result  follows. | 

Let  ~ =dy (~+)K- 

(3) /~lk ---- Klg. 

Proof: By condensation (cf. [16] 8.2), using the elementary maps j I K]~ > 
K[j(c~) for c~ < ~. | 

By arguing as in (2) and using (3) we have: 

(4) 
(5) (~+)P  < ~ = ( ~ + ) Q a n d  n +  1 E D 5 . 

Proof: By (1) and then  e lementar i ty  of j .  | 

By  (2) and (4), the hierarchies of R , /5  and of S, Q) agree up to their  respect ive 

~+'s .  Hence ~ + 1 C DU-contradic t ing lh(T)  = lh(/A) _> w2! Hence lh(T)  < co2. 

Since, by L e m m a  2.15, the mouse ordering in K has no holes, there  is N C K 

with  (N,  w) = .  (M, w). By Lhwenheim Skolem we may  take N E K~o2. | 

We now prove the  ma in  theorem of this section. 

THEOREM 3.9: Assume ~ 0  ¶ and Vr E R (r # exists). Then 51 < w2. 

Proof: Let c = w y .  Suppose not; then  we have seen some countable  (M, n) > .  

(K]e, w). Let x e ]R code M.  Let  W = K K~. 

CLAIM 1: W is universal. 

Proof." Suppose  not;  then  by Definition 1.14(ii) there is a mouse or a weasel P ,  

so t ha t  if (P, W) are compared  via trees (T,/A), M w is not an initial segment  of 

Mg. 
As D u = 0, by the  usual a rguments ,  there is a cub D C_ On so t ha t  i < j C D =* 

z r r ( ~ i )  = ~i = J and c r i t ( E f )  = ~i,  whilst 1r~,j"~ i C_ ~j and crit(~rUo~) > ~j. 
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Hence if 3" is any cardinal of V, with 3" E D, then ~f is inaccessible in both of the 

final models M ~ ,  M u .  Since W is assumed not to be universal, by Fact 1.16 we 

may shrink D to a smaller cub class if need be so that: 

(1) For g E D (g+)w < g+. 

Hence W computes all sufficiently large successors of singulars in D incorrectly. 

(2) For all sufficiently large singular/3 E D, g is regular in K~. 

Otherwise, if/3 were singular in K~, by the Weak Covering Lemma applied 

inside Ks,  (g+)K~ = (/3+)W; but by ~x ¶, the Weak Covering theorem holds over 

K~, and so g+ = (g+)K~ __ thus contradicting (1). I 

Again by -~x ¶, applying Weak Covering over K~: 

(3) For all sufficiently large singular cardinals g E D, cf K~ ((g+)w) >_ g. 
T . + Mi T Now take i least in D w i t h D T / a i = 0 a n d s e t  ~c--hi.  Thenlri ,  / ( a )  is 

cofinal into 
T + M T ) ) = 

for i < j E D. Set 3' = cf((a+)M[),  then: 

(4) i < j E D --+ cf((~+) u) = 7- 

Pick, then, some sufficiently large singular cardinal A = ax E D with cf(A) = 

=fi 3". By (3) we have cfK~((h+) w) > A whilst cfV(h) = ~ ~: 3'. Hence: 

(5) cfV((A+) w) = ~. 

~r u "A C A, we have, by induction on j < A, By (2) A i s r e g u l a r i n W ,  a n d a s  j,~ _ 

that 7r u j,j+I((A,(A+)w)) -- (A,(A+)w), and so (A+) W = (A+) M~ -- (A+) M~. 

As D u = 0 and crit(lr~,oo ) >_ aj,  (A+) M~u -- (A+) M[. Hence cf((A+) M~) --- 

3' ~ ~ = cf((A+) w) (the first equality being (4) and the second being (5)) - -  a 

contradiction! I(claiml) 

CLAIM 2: (M,n)  < ,  (Wic, w ). 

Proof: Apply the last lemma inside Ks: if ~- = w K* then (WIT, w ) >.  (M,n) .  

But c is inaccessible in K~. So c > r! I 

As W is universal, and as we are below O ¶, W is an iterate of K (Thm. 8.13 

of [16]). Consequently the iteration map shows (WIc, w ) <_. (KIc, w ). But then 

(M, n) <.  (K[c, w) by Claim 2 - -  the final contradiction. I 
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4. E l - a b s o l u t e n e s s  

In this section we prove: 

THEOREM 4.1: Suppose  Va E • a # exists but 7 0  ¶. Then K is E 1 correct. 

For X a class of ordinals we let [X] <~ be the class of increasing n-tuples 

from X.  

Definition 4.2: f ~ c  g ~ there exists a regular cardinal #, and n < ~; so 

tha t  f : [#]n > #, g : [#]'~ > #, C C_ # is closed and unbounded,  and 

V~ e [C] n f (~ )  = g('~). 

Theorem 4.1 follows from the following theorem by results of Mart in and Solo- 

vay [11], (or cf. [9]), since the conclusion is enough to show tha t  there is a tree 

T • K such tha t  p[T] is a universal He 1 set of reals, and thus K is El-correct .  

THEOREM 4.3: A s s u m e  Va • R a # exists but -70 ¶. Let  # > w2 be regular, and 

suppose f : [#in ~ # where f • L[x] for some real x. Then there are g, C • K 

with f "~c g. 

Proof: We define reals x i and mice M i • L[x i] as follows: x ° = x, M ° =- 0; 

x i+1 = x i# ;  (Mi+ l ,w)  • ~]I is chosen <. - leas t  so tha t  (Mi+l ,w)  is an < .  upper  

bound  for 1~ N L[xi]. Note the M i exist (and may be chosen to be countable 

in L[x i+1] by Lemma 3.3). By appealing to Lemma 3.8, find 0 < w2 so tha t  for 

all i the w-universal 0-iterates, Ni, of M s exists, and so tha t  (Mi ,w)  = .  (Ni,w) 

and the latter is in L[z  ~] N K .  Let U = (ui ]1 < i < oo) enumerate  Ni<~ IX~\w2 • 

Thus  ul = w2, and U is the cub class of "uniform indiscernibles" for the x i 

a b o v e  ~-d 2 . 

CLAIM 1: U is a K-def inable  c/ass. 

Proo~ As U is closed, it suffices to show for all a tha t  u~+l is so definable from 

ua.  3.2 3.4 showed tha t  

xi--1 i xi-~l 
(1)/.uvbl < (Ul+) L[x ] ~ o(Mi~-l,o$,Ul) = o(Ni÷l ,a) , i t l )  < (Ul+) L[x~+l] < t.ulq_ 1. 

Hence: 

5gi 
(2) u2 = supi<~{L=,+l} = supi<~{(u+) L[~ ]} = supi<~{o(Ni ,w,  u l ) } .  

Jus t  by indiscernibility Equat ion (1) holds with u~ replacing Ul. Hence: 

( 3 )  = = sup i<~{o(M , w, u~)} = supi<~{o(Ni,  w, ua)}.  
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Let  (Q,r~) E N[ c3 K be a < . - l ea s t  upper  bound for {(Ni,w))i<~. As all the  

Ni E H~=, by LSwenheim-Skolem we may  assume tha t  (Q, n) E H~= also. Then  

we claim: 

(4) u~+l = s u p { o ( P , e , u ~ )  I (P,e)  < .  (Q,7~) and P • K and cardK(p) < w2} 

since given any such (P, e), we have (P, e) < .  (M i, w) for some i, and since 

the mouse  order of L[x i] has no holes ( L e m m a  2.15), (P, e) = .  (R, e) for some 

R • L[x~], and, again by L6wenheim-Skolem, also with cardL[X~](R) < w2. By 

uniform indiscernibili ty then o(P, e, u~) = o(R, e, u~) < ~L~+I. T h a t  ~ + 1  is not 

grea ter  than  the given supremum,  is witnessed by the Ni of Equat ion  (3). Hence 

U is definable in K .  l(Claiml) 

By s tandard  a rguments  abou t  Silver indiscernibles, there is a t e rm T0 so t ha t  

V'~ • [#in I ( ~ )  = ~'0L[x¶][d,~] where d is a fixed finite sequence f rom #. (We 

have taken To in L[x #] ra ther  than  in L[x] since then by an a rgument  of Solovay, 

(el. [8] §8, L e m m a  C) we shall not  need any indiscernibles from I S# \ p  to define 

f . )  Let  V l , . . .  , Vn+l be # = uu,~t~+a,..., u,+n .  Define Pi =df {No , . . . ,  Ni) for 

i < w. Note tha t  as N~ dominates  all the mice of L[x ~-~] tha t  (N~_~) # and 

(P i_I )  # (coded as sets of ordinals) belong to L[Pi]. 

CLAIM 2: For any ~ < Vn+a there are i < w, d E  I/t] <~, and a t e rm % so that 

Proof: (This is a s t andard  a rgument  similar to the result for the class of uni form 

indiseernibles for all reals.) By induction on n; then we assume tha t  v~ < ~ < 

v~+l.  By  the usual proper t ies  of Silver indiscernibles 

where g,~'j,~7 • [IPo]<~o and maxS" < v, < ming l  <_ m a x g l  < v2 < "-" < 

m a x  gn < ~ --< min g. If lh(g) = k, then we may  assume g are the next  k cardinals 

of L[P,] above ~, as these are in IP°. By the inductive hypothesis ,  there are te rms  

a j ,  ~ E [#]<~, and ij < w for 1 _< j <_ n, so tha t  a j  defines gj using ordinals  

c~ < Vl, an:t V l , . . . , v j  in L[Pij]. Put t ing  these facts together  for 1 <_ j <_ n, 

we see tha t  set t ing i = m a x { 1 , i l , . . .  , in},  d =  {~',d0, • ,d~), there is a t e rm  7 

defining ~ in L[Pi] as in the s t a tement  of the Claim. I(Claim2) 

Now define ( = @[~#][d, v l , . . . ,  v~]. Then  ~ < V~+l Apply the last  claim and 

find c~T,i < w as there. Now set 9(~) = TL[Pd[~] • Then  g • K n L [  xi+l] and 

g agrees with f on n- tuples  from I ~+~ A # \  max{sup  d, sup d}, and hence from 

C =dI U N # \  max{sup  d, sup d}. Thus  g ~ c  f .  II 
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Remark: By a slight modification the theorem can be seen to hold for # = co2 

also. 

5. E x t e n s i o n s  

We conclude by discussing some extensions of the previous sections and 

considering some open questions. 

Beyond O ¶ the nature of universality for weasels changes (see the remark 

after Definition 1.14). We showed in 3.8 that  Klco2 was universal to an extent. 

However the proof of 3.8 did not use the assumption that  card(M) < w2, and a 

slight notational modification only yields immediately: 

LEMMA 5.1 : Assume -70 ¶, Then KIw2 is universal for mice W with On N W ~ 

co2, that is, for any such mouse (W, co) ~_, (Klco2 , co). 

Proof: If the conclusion is false then the coiteration of (W, co) with (K]co2, co) has 

length ~ co2. As we are below O ¶, it is easy to see that  there is ~- ~ co2 so that  

the coiteration of (Wr, co) with (K[co2, co) uses the same extenders on both sides 

and has length > co2. Tha t  would contradict this version of 3.8. | 

QUESTION 1: Are 3.8 and 5.1 true under the weaker assumption that there is no 

inner model  of a Woodin cardinal? 

We used the assumption -~0 ¶ to see that  there were no "holes" in the mouse 

ordering in any inner model (Lemma 2.15). 

QUESTION 2: Assume there is no inner model with a Woodin cardinal. Does 

Lemma 2.15 still hold? 

In Lemma 3.3 7 0  ¶ was used to show that  in L[a ¶] there was a proper initial 

segment of K a¶ that  i terated past the weasel K a. Beyond O ¶ it is possible to 

have weasels P , Q  with (P[a,w) <,  (Q,co) and (P, co) > .  (Q[a, co) for all a c On, 

whilst comparing (P, Q) results in P ~  a "proper initial segment" of QU. It  is thus 

conceivable that  no proper initial segment of K a# iterates past K a. Explicitly 

this means there is no ordinal bound on the extenders needed from K a# to show 

that  K a# is universal in L[a#]. As also pointed out by W. Mitchell, this shows 

that  there must be a strong cardinal in K ~# . If no proper initial segment of K "## 

goes past  K a then there is an inner model with two strong cardinals. Pushing 

this further yields: 

LEMMA 5.2: Suppose VX  ( X  ##)  exists, but there is no inner model with a strong 

cardinal that is a limit of strong cardinals. Then K is El-correct. 
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By X ## we mean a sharp for an inner model M x  containing X,  and which is 

itself closed under the sharp function. 

QUESTION 3: Can there exist reals a so that Va E On K a iterates past K a# [~? 

The first author has shown subsequently the following, using different 

arguments: 

THEOREM 5.3: Suppose there are two measurable cardinals, but that  there is 

no inner model with a Woodin cardinal. Then the K of [16] is E13-absolute. 

QUESTION 4: In this theorem the larger of the two measurables is used to 

construct K whilst the smaller is used to prove absoluteness. Can this lower 

measurable be eliminated? 

QUESTION 5: I ra  is a II 1 singleton, and we assume only a ct exists, can we still 

prove that a C K ? 

As remarked in the introduction, Jensen's argument proving absoluteness over 

K D j  below a measurable cardinal, assuming -70 t and using the Pat terns of 

Indiscernibles type of result gives this, but Magidor's argument does not. 

A lower bound for the consistency strength of 61 = w2 remains still at  the 

level of O ¶. However we may get a little more using an argument of Hauser and 

Hjorth [7]. 

LEMMA 5.4 ([7]): Suppose there is no inner model with a Woodin cardinal and 

that 031 is inaccessible in K.  Then if N = W[la where W is a universal weasel 

and a < Wl is regular in W,  then either (N, w) < .  (Kiwi, w) or 3n < wl K 

"n is < wY-stron~ ' . 

THEOREM 5.5: Suppose Va C • (act exists) but there is no inner model of a 

Woodin cardinal Then 

= < K is <  [-strong"). 

Proo~ 6~ = w2 already implies that  wl is inaccessible in Kx for any real x as in 

3.7. Lemma 3.5 shows that  $~ = sup{o(M,w) I (M,w) is iterable, M • H e } ,  

and so our hypothesis implied that  for some (M, w) • HC,  (M, w) > ,  (Kiwi, w). 

Relativizing to Kx where x • ]~ coded M, we saw that  a countable initial segment 

Y of the universal weasel W = g K~ satisfied (g ,w)  > .  (Kiwi,w).  As wl is 

inaccessible in Kx it is so in W. We may thus additionally assume On N N 

is regular in W. Hence (N,w)  > .  (KlWl,W) and the lemma cited above now 

applies. | 
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